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ABSTRACT: The apparent mean-square radius of gyration, (S?),, was measured by small-angle X-ray
scattering for 12 samples of atactic oligo- and polystyrenes (a-PS) in the range of weight-average molecu-
lar weight M, from 578 (pentamer) to 97 300 in cyclohexane at 34.5 °C (6 temperature). The mean-square
radius of gyration (S%) for the chain contour was calculated from the values of (S%), thus obtained by
making correction for the finite thickness of the polymer chain. The ratio of (S?) to the weight-average
degree of polymerization rather steeply increased with increasing M, and leveled off at M, higher than
10%. The theory based on the helical wormlike (HW) chain model described quantitatively the observed
results, yielding the values of the model parameters which are in good agreement with those determined
from the molecular weight dependence of the mean-square optical anisotropy, (I'%), and also of the intrin-
sic viscosity, [n]. It was found that the Flory-Fox factor, &, increased steeply as M,, was decreased from
10%. This behavior was also in quantitative agreement with the HW theory prediction, while the theory for
the Gaussian chain failed to explain it, reflecting the non-Gaussian character of the short a-PS chain in

solution.

Introduction

In our previous papers,> we have studied the mean-
square optical anisotropy, (I'"%), and intrinsic viscosity,
[n], of atactic polystyrene (a-PS) over a wide range of
molecular weight including the oligomer region. Apply-
ing the corresponding theories®® on the basis of the heli-
cal wormlike (HW) chain model to the observed results,
we have determined the model parameters for a-PS as
the HW chain. These are the differential-geometrical
curvature, ko, and torsion, 7,, of the regular helix, namely
the characteristic helix, that the HW chain contour
becomes at the minimum zero of its elastic energy, the
static stiffness parameter, A}, and the shift factor M
defined as the molecular weight per unit contour length.
The values obtained for the model parameters have made
it possible to picture the characteristic helix of the a-PS
chain and its average conformation in dilute solutions.
The global properties (I'?) and [n] have also been suc-
cessfully correlated to the local structure of a-PS in solu-
tion on the length scales of the monomer unit for the
former and of the four monomer units for the latter.

The present paper extends the study to the (unper-
turbed) mean-square radius of gyration, (S?), of a-PS at
infinite dilution. In so doing, the small-angle X-ray scat-
tering (SAXS) method was applied to cyclohexane solu-
tions of the same a-PS samples of narrow molecular weight
distribution and fixed stereochemical composition (the
fraction of racemic diads, f, = 0.59 £ 0.01). (Note that
each sample is a mixture of stereoisomers, so that the
fluctuation in f, is dependent on molecular weight even
if £, itself is not.) Thus the main purpose is to confirm
that the HW model theory may explain consistently the
behavior of {S?), (T'®), and [n] of a-PS over a wide range
of molecular weight in terms of its local chain conforma-
tion.

When we look over the existing literature, we notice
that the procedure of determining (S%) by the SAXS
method has not fully been established as yet and still is
developing.” Thus, in the next two sections, we describe
rather in detail our procedure of the SAXS measure-
ment and data processing used in this work. An appar-
ent mean-square radius of gyration determined directly
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by the scattering methods such as SAXS, small-angle neu-
tron scattering (SANS), and light scattering (LS), which
we designate by (S?),, includes in principle the contri-
bution of the squared radius of gyration S, of the cross
section of the real polymer chain with finite volume. This
effect of the chain thickness becomes progressively large
as the molecular weight of the polymer sample goes down
to the oligomer region. We must therefore extract (S?)
for the chain contour from (S?), in order to compare the
former with its theoretical values. The method for the
evaluation of (S?) is given in the Discussion. Then, the
ratios of (S%) to the weight-average degree of polymer-
ization, x, are analyzed by the use of the HW model
theory with a determination of the model parameters.
Finally, the results for (S2) are discussed in combina-
tion with those for [n], giving attention to the Flory~Fox
factor, &.

Experimental Section

Materials. The a-PS samples used in this work are mostly
the same ones as used in the previous studies™? on (I'?) and
[n], i.e., the fractions separated from the standard samples sup-
plied from Tosoh Co., Ltd., by preparative gel permeation chro-
matography (GPC) or fractional precipitation. They are suffi-
ciently narrow in molecular weight distribution and have fixed
stereochemical composition f, independent of the molecular
weight. The values of the weight-average molecular weight,
M., obtained from light-scattering measurements are listed in
Table I. The values of f, determined by NMR, and the ratios
of M, to the number-average molecular weight, M, deter-
mined by GPC are given in the previous papers.'? The latter
were 1.02 for all of the additional samples F2, F4, and F10.

The solvent cyclohexane was purified by distillation after reflux-
ing over sodium for about 6 h before each SAXS experiment.
Test solutions were prepared gravimetrically and their poly-
mer mass concentrations, ¢ in g/cm?, were calculated from their
weight fractions with the solution density data obtained as
described previously.!?

Small-Angle X-ray Scattering. (i) Apparatus and
Measurements. Our system for SAXS measurements is com-
posed of X-ray tube (Phillips PW2253/11), Kratky U-slit cam-
era (Anton Paar KA No. 1297), goniometer (Anton Paar ESW03
No. 6217) equipped with X-ray detector (scintillation counter
probe), temperature control unit for a sample solution, water
cycle system for cooling the X-ray tube, vacuum system, and
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Table I
Results of SAXS Measurements on Atactic Oligo- and Polystyrenes in Cyclohexane at 34.5 °C
SAXS
sample M, Xy (82,12, A (82172, A @a', cm®/mol M,
085 578 5 4.7, 3.3, 588
086 680 5.98 5.1, 3.9, 629
0S8 904 8.13 5.84 4.8, 888
A1000-b 1480 13.7 8.6 7.9 0.24,
A2500-a’ 1780 16.6 9.9, 9.4, 0.26,
A2500-a 2270 21.3 11, 11, 0.26,
A2500-b 3480 32.9 15, 14, 0.28,
A5000-3 5380 51.2 19.5 19, 0.25,
F1-2 10100 96.6 27,5 27.5 0.27,
F2 20500 197 39.¢ 39.; 0.27,;
F4 40000 384 56., 56.¢ 0.26,
F10 97300 935 91, 91, 0.28,

electric system (Rigaku Denki) for data acquisition and power
supply to the X-ray tube. The camera and goniometer are
mounted on an optical bench to allow for easy positioning and
orienting of the incident X-ray beam. The optical bench and
X-ray tube are tightly fixed on a heavy square plate made of
iron, which is set on a rubber cushion to avoid vibrations. The
whole system is installed in a temperature-controlled room (25
x 1 °C) to keep the optical alignment in optimal setting so that
the intensity of the X-ray beam impinged on the sample may
not fluctuate. The temperature of cooling water supplied to
the X-ray tube is also kept constant within £0.5 °C for this
purpose. It was confirmed that the temperature fluctuation in
this range did not affect fluctuation in the intensity of the inci-
dent X-ray beam. The air in the path of the radiation is evac-
uated to prevent scattering from it.

The wavelength A, of the X-ray from the source is mainly
1.54 A (Cu Ke line) but slightly contaminated by Cu Kg line
and other weak radiation of different wavelengths. The pulse
train due to the scattered X-ray at each scattering angle is thus
registered in the counter and then printed out after passing
through a pulse-height discriminator to eliminate the contam-
ination, although the incident X-ray is monochromatized by the
use of a Ni filter to eliminate the Cu K@ line. The sample cell
is a quartz capillary of inner diameter of 2.0 mm with a very
thin wall (about 10 um in thickness). Thus, test solutions have
an optimum thickness for copper radiation, i.e., Cu Ko line.
Collimation of the incident beam was carefully achieved to min-
imize the intensity of parasitic scattering and the tail of the
transmitted X-ray. Preliminary measurements of scattering inten-
sities from the solvent-filled and the empty cells showed that
the intensities of these extra X-rays were negligibly small at
angles beyond 5 X 1072 rad and nullified down to about 1 X 1073
rad by subtraction of the latter from the former. The lowest
angle to which the cancellation was effected was dependent on
the size of the entrance slit.

The intensity distributions W_(6,) and W(8)) of the inci-
dent beam in two directions, i.e., the direction along the scat-
tering angles (direction of the slit width) and the direction per-
pendicular to the scattering plane (direction of the slit length),
respectively, were measured in the detector plane for later use
in the desmearing of the experimental scattering function, I1(6),
or the correction for a finite size of the incident beam (slit width
and length effect). Here, the angle § is not the true scattering
angle, 6, but the take-off angle through which the detector sees
the sample. The zero take-off angle was defined as the peak
position of the observed W, (6,).

(i) Data Acquisition and Analysis. Scattering intensi-
ties 1(8) were measured at angles ranging from 1 X 1072 rad up
to the value at which the intensity became negligibly small. In
most cases, the measurements were performed for five solu-
tions of different concentrations and a solvent for each poly-
mer sample. Corrections for stability of the X-ray source and
the detector electronics were made by measuring the intensity
scattered from Lupolene (a platelet of polyethylene) used as a
working standard before and after each measurement for a given
sample solution. The effect of absorption of X-ray by a given
solution or solvent was also corrected by measuring the scat-
tering intensity from Lupolene with inserting the solution or

solvent in between the X-ray source and Lupolene. The obtained
data were processed to desmear the observed (smeared) V()
and then evaluate the molecular characteristics such as (S2),
and M,,. For this purpose, we introduce the reduced guantity
I (6) defined by

1:@) = 13)/ Al )

where A is the transmittance of a given sample and I, is the
intensity of the incident beam monitored by the scattering inten-
sity from Lupolene at 0.0103 rad. In practice, the excess reduced
scattering intensity given by

AIR(®) = I 4o1a(B) = Tg e ®) @)

was subjected to the data processing. Here, the subscripts soln
and solv denote the values of () for a given solution and sol-
vent, respectively.

An example of AT;(f) is displayed in Figure 1 for a cyclohex-
ane solution of sample 0S8 of ¢ = 0.1716 g/cm® at 34.5 °C as
its inverse square root against k%, where

E = (4r/)y) sin (8/2) 3)

The data points follow a curve slightly bent downward, approach-
ing a straight line at small angles, although they scatter to some
extent. We note that if the “observed” values (quasi data) Al
are calculated (smeared) by the use of eq A2 in Appendix A
with the functions W_(8,) and W,(6,) determined above and
with the theoretical scattering functions P(k) = AIx(6) for the
Gaussian chain, rod, and sphere, which are given by®

Pk) =2u(e™-1+u) Gaussian chain (4)

= 1 i 1/27 _ _1_ 1a2 1/2
P(k) Gl Si[2(3u)'?] 3, &in [Bu)] r10d ()
_ 243 [ .. (5u\l2 _ (5u\l/2 5u\l/2 ]2
P(k) = ___—125u3 sin ( 3 ) ( 3 ) cos ( 3 ) ] sphere  (6)
respectively, with Si(x) the sine integral and with
u=(S*K? M
k = (47/)\) sin (8/2) (8

then all of them also give straight lines at small angles in the
(inverse) square-root plots, as seen from Figure 2. Thus we may
expect that [ATx(8)]71/2 follows a straight line at small angles
irrespective of the form of the true (desmeared) AIg(f). It then
turns out that, in the desmearing of Alg(6), additional “data”
points including the ordinate intercept may be obtained as those
on the straight line fitted to the observed data points in order
to make up for the lack of the observed values at very small
angles.

The present desmearing procedure consists of expressing the
true scattering function in terms of cubic B-spline functions, as
described in Appendix A. Figure 3 shows errors in the scatter-
ing functions obtained by the desmearing of the “observed” data
AlR displayed in Figure 2. They are so small that this proce-
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Figure 1. Inverse square-root plot of the excess reduced scat-
tering intensity Alx(k) against k? for sample OS8 in cyclohex-

ane (c = 0.1716 g/cm®) at 34.5 °C. The straight line indicates
the initial slope.
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Figure 2. Inverse square-root plots of the “observed” values

Afg(l_e) reduced by the respective ordinate intercepts against

{S?)k? for the Gaussian chain, rod, and sphere. Solid curves,

calculated from eq A2 with eq 4-6. Dashed straight lines, respec-
tive initial slopes.

dure may be applicable to various types of solute molecules.
However, this requires some comments. For short chains, the
effect of their finite thickness on the scattering intensity must
be considered. The small oligomer molecules may then be approx-
imated by the spheres. For our high molecular weight sam-
ples, on the other hand, the chains may be regarded as Gaus-
sian with ignoring the thickness. Thus the above discussion is
definitely valid for these two extremes, and this may be expected
to be the case with their intermediates, for which the thickness
cannot be ignored. All the data processing was done by the use
of a FACOM M780 digital computer in this university.

The desmeared excess reduced intensities AIR(f) were ana-
lyzed by the square-root plot® based on

Ke 112 1 1/2
—— | == +0( 9)
[ Alp(6) ] [MwP(k) ]
with
K = N\, Ve,a2} (10)
Here P(k) is the scattering function given by
P(k) = 1-(1/3)(S% k* + O(k*) ay

This is rather the defining equation for (S%),. N, is Avogadro’s
number, [, is the Thomson factor (7.90 X 10726 ecm?), V is the
scattering volume, and ¢, is the apparatus constant dependent
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Figure 3. Differences (errors) between the original and de-
smeared scattering functions P(k) as a function of (S2)k2 for
the Gaussian chain, rod, and sphere.
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Figure 4. Plots of (Kc/Alg)'/? against ¢ for sample 0S8 in

cyclohexane at 34.5 °C. The values of k® are 2.54, 1.97, 1.48,
1.01, 0.605, and 0.207 X 1072 A~2 from top to bottom.

(@]

on the sensitivity of the apparatus, the distance between the
sample and detector, and so on. The mole number of effective
electrons per gram of the sample solution Az, is defined by

Az, = (ny/ My — vpgny /M) (12)

where n, and M, are the number of electrons and the molecu-
lar weight per repeating unit of the polymer, respectively, v, is
the partial specific volume of the polymer, p, is the density of
the solvent, and n, and M, are the number of electrons and the
molecular weight of the solvent molecule, respectively. The value
0.7653 g/cm® was used for p,, and the value of v, was deter-
mined for each sample from the density measurement for its
cyclohexane solutions. All the measurements in this study were
carried out at 34.5 °C, i.e, at the © temperature for a-PS in
cyclohexane.

Viscometry. Intrinsic viscosities [n] were determined for
a-PS samples F2, F4, and F10 in cyclohexane at 34.5 °C follow-
ing the procedure described previously.?

Results

Determination of (S 2),. In Figures 4 and 5 are pre-
sented the data for the desmeared excess scattering inten-
sity AIz(8,c) on sample OS8 in cyclohexane at finite con-
centrations and angles in the form of the (Kc/AlIg)'/2 vs
c and (Kc/AIg)Y? vs k? plots, respectively. Here the opti-
cal constant K was calculated from eq 10 with the appa-
ratus constant ¢’ redefined by ¢4’ = NyI Ve,. The value
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Figure 5. Plots of (Kc¢/Alg)'/? against k2 for sample 0S8 in
cyclohexane at 34.5 °C. The polymer mass concentrations ¢
are 0.1716, 0.1377, 0.0956, 0.0690, and 0.0508 g/cm?® from top
to bottom.
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Figure 6. Plots of (Kc/AlIR)s=o'/2 against ¢ for the a-PS sam-
ples indicated in cyclohexane at 34.5 °C.

of ¢,’ was determined so that the light-scattering values
of M,, might be reproduced by the present analysis as
described below. A set of data at fixed scattering angle
k (Figure 4) and at fixed concentration ¢ (Figure 5) are
fitted by a straight line and can be easily extrapolated
to zero concentration and zero scattering angle to evalu-
ate (Kc/ AlIR).=o /2 and (Kc/Alg),=o'/?, respectively. The
values of (Kc/Alg)y=0"? and (Kc/ Alg) =o' thus obtained
are plotted against ¢ and k2 in Figures 6 and 7, respec-
tively, for all the samples studied.

In Figure 6, the straight line fitted to the data points
for each sample has a finite slope, indicating that the
second virial coefficient, A,, does not vanish for the a-
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Figure 7. Plots of (Kc/AIg),-o*/2 against k? for the a-PS sam-
ples indicated in cyclohexane at 34.5 °C.

PS oligomers even in the 6 state (cyclohexane at 34.5
°C). As seen from the figure, A, progressively decreases
and tends to vanish with increasing molecular weight.
This finding agrees qualitatively with that of Huber and
Stockmayer.!® However, we cannot argue the absolute
values of A, themselves because of the large experimen-
tal uncertainty. (We will make an extensive study of 4,
in the future.) Nevertheless, we may at least say that
the two-parameter theory of the excluded-volume effect
seems to break down for M, < 10°, in which range the
nonvanishing of A, is appreciable and (S?) deviates from
the Gaussian behavior, as seen later. In Figure 7, the
data points for each sample also follow the indicated
straight line, and (S?), was evaluated from its slope. The
straight line has an ordinate intercept coincident with
that of the corresponding straight line drawn for the same
sample in Figure 6. The apparatus constants ¢,” were
determined from the intercepts of similar plots without
¢4’ for the samples whose M, had been obtained from
light scattering, in advance of the plotting of Figures 6
and 7. For the oligomer samples 0S5, 0S6, and 0S8,
M, ’s were determined from the respective common inter-
cepts in Figures 6 and 7 with the use of the average value
of ¢4’ thus obtained.

The results from the present SAXS experiment are sum-
marized in Table I. (For (S?), see the Discussion.) The
values of (S2).}/2 range from 4.7; A for the pentamer to
91., A for sample F10 of M,, = 97 300. The apparatus
constants ¢,’ determined for the samples other than the
three oligomers are almost constant within the experi-
mental error and have an average value of 0.265 cm?/
mol. This indicates that our SAXS measurements are
self-consistent. The SAXS values of M,, for the three
oligomer samples 0S5, 0S6, and OS8 are in good agree-
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Figure 8. Molecular weight dependence of (S?),/M,, for a-PS
in cyclohexane at 34.5 °C ({(S?), in A?): O, present data; @, SANS
data by Ballard et al.;'® ©, SANS data by Huber et al.;'*1° @,
LS data by Miyaki;'2 @, LS data by Miyaki et al.?

ment with the calculated values (second column) obtained
from the chemical structure and GPC analysis previ-
ously reported.?

Molecular Weight Dependence of (S 2)_/M,,. Fig-
ure 8 shows plots of the ratio (S2?),/M,, against the log-
arithm of M. It includes, for reference, the LS data by
Miyaki et al 1112 for the a-PS samples of the same origin
as ours in cyclohexane at 34.5 °C, and the SANS data
for PS in cyclohexane-d,, at 38 °C by Ballard et al.!®
and at 85 °C by Huber et al.'*!® The present data give
a curve convex upward except for the two lowest molec-
ular weight samples and are smoothly connected to the
LS data, which are virtually constant, being indepen-
dent of molecular weight. The values of (S%),/M,, from
SANS are however somewhat lower than ours when com-
pared at fixed M,,. The origin of this discrepancy is not
clear at present. The results from the present SAXS mea-
surements combined with the LS data by Miyaki et al.
lead to the conclusion that the ratio (S?),/M,, increases
with increasing M,, for M, < 10° and then levels off to
yield a constant value of 8.3 X 1078 cm®mol/g.!

Discussion

Determination of (S§2). The values of (5?), deter-
mined above contain contributions from the finite cross
section of the polymer chain. The effect must be taken
into account when the molecular weight dependence of
the mean-square radius of gyration, (S?), is discussed,
since the theoretical evaluation of the latter has been car-
ried out for the chain contour. As shown in Appendix
B, (8?), determined directly by scattering methods with
eq 11 may be expressed as

(S%H,=(S% + 82 (13)

for a discrete model chain composed of subbodies with
finite volumes or a continuous chain with a finite cross
section with S, the radius of gyration for the subbody or
cross section.

According to our previous study?® on a-PS by viscome-
try, the a-PS chain may be represented by either of the
two models, i.e., the HW touched-bead model with bead
diameter, dy, of 10.1 A or the HW cylinder model with
diameter, d, of 7.5 A. For the cylinder model, d ma
also be calculated to be 9.2 A from d = 2(v,M, /7N )2
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Figure 9. Ratio (S?)/x, as a function of the weight-average
degree of polymerization, x., for a-PS with f, = 0.59 in cyclo-
hexane at 34.5 °C: O, present data; ®, LS data by Miyaki;'? ¢,
LS data by Miyaki et al.;!! solid curve, best fit theoretical val-
ues calculated from eq 14; dashed curve, the RIS values.

with v, = 0.934 cm?®/g at sufficiently large M, and with
M 5= 42.6 A™! obtained previously. From these values,
S, are calculated from eq B6 or B8 to be 15.3, 7.0, and
10.5 A2 respectively. We adopted 11 A? as their aver-
age for S.2 in this work. The contribution of S.2 to (S?),
amounts to about 50% for the pentamer but progres-
sively diminishes with increasing molecular weight and
becomes negligible at M, larger than 2 X 10%

The results of (.S?) thus calculated from eq 13 are given
in Table I and shown in Figure 9 in the form of the (S2)/
x,, vs log x,, plot (with x_ the weight-average degree of
polymerization). In this figure, the values from the LS
experiments by Miyaki et al.'"!2 are again included to
supplement the data at x,, larger than the range accessi-
ble by SAXS. The dashed curve represents the theoret-
ical values of (S?) for the x a-carbon atoms calculated
on the basis of the rotational isomeric state (RIS) model.
The RIS calculations were made by the Monte Carlo
method established by Flory'®'” with the generator matrix
given in Appendix C and use was made of the statistical
weight matrices and the molecular parameters given in
the previous paper.! The calculated values may well
explain the observed behavior of (S2)/x,, at x,, smaller
than 10. This also implies that the present correction
for the finite cross section is rather reasonable, since the
RIS value for x = 2 is exactly correct. However, the RIS
values deviate appreciably downward from the experi-
mental values at larger x,, and approach an asymptotic
value lower than the observed result by about 17%. A
similar result was also found for (I'?) in our previous
study.! The discrepancy suggests that the rotational iso-
meric states and/or the energy parameters in the statis-
tical weight matrices adopted by Yoon et al.'® should be
reconsidered.

Values of the HW Model Parameters. For the HW
chain of contour length L (with vanishing Poisson’s ratio,
o), (S?) is given by®1®
(8 = (S + 0T L cos o L cos (20) +

= VZ( Ykp V2[3rcos<p rzcos @

2 2 2
E cos (3¢) - FI—J—Z cos (4¢) + me cos (vL + 4<p)]

(14)
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with
v= (K02 + 102)1/2 (15)
r=(4+ Y2 (16)
¢ =cos™ (2/r) (17

and

(Sxp=L/6-1/4+1/4L - (1/8LY)(1 -e%) (18)

where all lengths have been reduced by A and (S%)kp
is the mean-square radius of gyration for the Kratky-
Porod (KP) wormlike chain having the same L as the
HW chain. The basic HW model parameters necessary
to represent the unreduced (or experimental) (S?) are
then ,, 7o, A}, and M;. These parameters can be deter-
mined from a comparison of the theoretical values of
(S?) as a function of chain length, L, with the observed
values of (S%) as a function of M. The solid curve in
Figure 9 represents the theoretical values best fit to the
experimental data. It is seen that the curve describes
quantitatively the behavior of (S2?)/x,, as a function of
x,, over the whole range of molecular weight examined.
We have not made an analysis of the data on the basis
of the KP model, since it fails to give a consistent expla-
nation of (S2), (I'?), and [7], as discussed previously.?

The values of the model parameters thus determined
are summarized in Table II together with those obtained
from (I'?) and [5] in the same solvent condition, for com-
parison. It is to be noted that «, and 7, in the table are
reduced by A™*. The present values of A™! and M, are
very close to those from (I'?) but somewhat smaller than
those from [5]. In this connection, it is pertinent here
to make some comments on the analysis of the [7] data
by the viscosity theory*® for the HW model. The the-
ory gives 2.87 X 10% mol™ for the Flory-Fox factor, ®.,
at infinite chain length (see below), while its best exper-
imental value determined so far!! for a-PS in cyclohex-
ane at © is 2.55 X 102 mol™. The differences between
the values of A\™* and M; obtained from (S?) and [] may
be regarded as mainly arising from this difference in &...

The radius, p, and pitch, h, of the characteristic regu-
lar helix of the HW chain are related to the (unreduced)
ko @and 7o by p = ko/ (ko2 + 7o) and h = 277,/ (ko2 + 742),
respectively. The values of p and k for the a-PS chain
were calculated to be 1.50 and 18.8 A, respectively, from
the values of «,, 7o, and A™! given in Table II. It is inter-
esting to give some preliminary discussion of the results
in comparison with those for atactic poly(methyl meth-
acrylate) (a-PMMA) obtained from (S?) in acetonitrile. %
The results indicate that the characteristic helix of a-PS
is more highly extended along the helix axis, having smaller
p and larger h, than that of a-PMMA. The extent to
which the helical form is preserved in solution is lower
in the a-PS chain than in the a-PMMA chain, consider-
ing from their values of A™1. The results for a-PMMA
will soon be published.?

Flory-Fox Factor ®. In order to discuss the present
results for (S?) in connection with those for [} reported
previously, we calculated the Flory-Fox factor, ®, from
the relation

[n] = 6%2®(S%)*2/ M, (19)

The results are given in Table III, and the ratios of ® to
&, are double-logarithmically plotted against M, in Fig-
ure 10, where the values calculated from Miyaki et al.’s
data''*? are again included. The value 2.55 X 102 mol™*
was used here for .. The ratio /&, is substantially
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Table 11
Values of the HW Model Parameters for Atactic
Polystyrene with £, = 0.59 in Cyclohexane at 34.5 °C

Ko 7o AL A M, A obs
(3.0) (6.0) 22.5 36.7 (S?%)
3.0 6.0 22.7 37.1 (T2)
(3.0) (6.0) 23.5 42.6 [n]

Table II
Values of the Flory-Fox Factor, ®
sample [2], dL/g & % 1072, mol™!

085 , 0.0274° 27.6

0S6 0.0293¢ 22.4

088 0.0326° 174

A1000-b 0.0370° 7.29

A2500-a’ 0.0408° 5.91

A2500-a 0.0450° 497

A2500-b 0.0543° 4.10

A5000-3 0.0659° 3.53

F1-2 0.0900° 3.06

F2 0.123 2.73

F4 0.172 2.57

F10 0.273 2.40

4 Previously reported.?

1.0t

log(®/d,,)

_O.R 1 12

2 3 4 5 6 7
log M,

Figure 10. Molecular weight dependence of the Flory-Fox fac-
tor, ®, reduced with &, for a-PS with f, = 0.59 in cyclohexane
at 34.5 °C: O, present data; ®, Miyaki's data;'? @, Miyaki et
al.’s data;'? solid curves, the HW values calculated with x; =
3.0, 7, =86.0,A"1 = 225 A, and M, = 36.7 A™! (1) and &, = 3.0,
75 = 6.0, AT = 235 &, and M, = 42.6 A™! (2); dashed curves,
the Gaussian theory®! values calculated with the indicated v.

constant at M, higher than 10° but steeply increases as
M,_, decreases from 10%, in contrast to the widely accepted
notion that ® should decrease with decreasing chain length
because of the draining effect, i.e., the decrease in the
hydrodynamic interaction in a polymer chain. The rise
of ®/®, at small M,, is due to two factors: One is the
decrease in the ratio (S?)/M,, and the other is the increase
in [#] deviating from the relation [5] « M,}/2. For a-PS
in cyclohexane at 0, (S%)/M,, decreases with decreasing
M, at M, lower than 10° as seen from Figure 9, and [#]
follows the relation [n] « M_'/2 over a wide range of M,,
above 4000 and deviates upward from this relation at
lower M,, as reported previously.? Thus, the increase in
®/®,, in the range of M,, from 10° to 4000 results solely
from the first factor and the further increase at lower
M, from both of them. In general, it is anticipated that
the ratio /&, depends on molecular weight in a subtle
way depending on competitive overlapping of the two
factors.
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The solid curves 1 and 2 in Figure 10 represent the
values of &/, calculated for the HW chain with the
two sets of the model parameters: «, = 3.0, r, = 6.0, X!
=225 A, and M; = 36.7 A™! from (S?) and «, = 3.0, 7,
=6.0, "1 =235 A, and M, = 42.6 A™! from [n], respec-
tively. The agreement between the calculated and observed
¢/, is almost quantitative. The dashed curves are the
Yamakawa theory predictions?! for Gaussian chains with
the indicated values of v, where v is the ratio of the bead
diameter to the effective bond length. We assigned the
effective bond length a value 18.4 A calculated as the
Kuhn statistical segment length Ay from the HW model
parameters determined in this work and converted the
number of beads in the Gaussian chain model to the molec-
ular weight so that the experimental value of (S?)/M,,
in the limit of large M, might be reproduced. It is seen
that these theoretical values of ®/®, deviate upward or
downward from unity, depending on the value of v, already
at very large M, far above 107, in contrast to the observed
behavior. We note that the curve with v = 0.5 indicates
nearly the upper bound on /%, (at each M,,). The ratio
increases gradually with decreasing molecular weight but
does not exhibit any trend of a sharp increase in it found
experimentally. In this theory, the increase in ®/®,, is
due only to the upward deviation of [5] from the rela-
tion [n] = M, /2, since (S?)/M is independent of M for
the Gaussian chain. (This deviation of [5] arises from
the consideration of the finiteness of the number of effec-
tive bonds in the Gaussian chain.?!) The breakdown of
the Gaussian theory in this region is then rather natu-
ral, since it fails to describe the conformational behavior
of the real chain of any length, as is clearly seen from
Figure 9. In the present case, it is important to recall
that the Gaussian behavior breaks down for (S?) for M,
< 10%, while it apparently persists for [7] down to M, =
4000.

In conclusion, the present consistent explanation of
(82%) and [n] of a-PS adds further support to the ade-
quacy of the adaptation of the HW chain model to it
over a wide range of molecular weight. The forthcom-
ing analysis of the data for a-PMMAZ will provide our
more profound understanding of the conformational behav-
ior of the real chain on the basis of the HW model.

Appendix A. Desmearing of the Experimental
Scattering Function

Although the desmearing procedure we used is essen-
tially the same as that developed by Glatter,” we give its
short sketch, for convenience. The observed excess reduced
scattering intensity, AIz(6), at a take-off angle § may be
related to the true excess reduced scattering intensity,
AlR(6), at a scattering angle 8 as

ATg(@) = [ 7do, § "d6 W,(6,) Wi(6) ATu([B - 6,0 +

671"% (A1)

where W, (8,) and W,(f)) are the normalized slit-width
and slit-length weighting functions, respectively, which
can be determined experimentally. It is convenient to
rewrite eq Al in the form

ATr®) = ["K(@,6) Aly(6) 6.6 (A2)
with K(8, 8) the kernel defined by
K®,0) =2 "W,(B 0 cos dWi(sin ¢) de  (A3)

Mathematically, the integral eq A2 for Aly_cannot be
solved rigorously with experimental data for Al obtained
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in a finite range of 8. However, its sufficiently accurate
solution may be obtained at small 8 in the following way,
since Al(6) with small |§ — 6] makes its main contribu-
tion to Alx(6) at a given 6.

We expand Al(#) in terms of a set of cubic B-spline
functions M(x; &, &;41, -, £i+4) (i = 1-n) by Schoenberg’s
definition® with a set of knots (£, &, ..., £,44) @S

n
Alg(8) = ZaiMi(02§ Eiy Eivry ooos Eina) (A4)
i=1
Note that we have chosen #2 instead of 6 itself as the
argument of M, since Aly is an even function of 8. Fur-
ther, we note that the first four knots, &,, &, &, and &,,
are set equal to zero. The expansion coefficients a; (i =
1-n) and the knots £; (i = 5, ..., n + 4) are determined by
the method of least squares for Alz. The residual sum
of the squares is a nonlinear function of the knots, and
this nonlinear problem is solved by the quasi-Newton
method. The integrations appearing on the right-hand
sides of eq A2 and A3 are carried out numerically by the
use of the trapezoidal rule formula. The optimal num-
ber n of the B-spline functions are determined by the
use og 4Akaike’s information criterion,? as done by Hiragi
et al.

Appendix B. Correction for (S ?), for an
Assembly of Scatterers with Finite Volumes

The scattering function P(k) with k the scattering vec-
tor may be written in the form

P() = (| f plr)e™* dr?) (BL)

where i is the imaginary unit and p(r) is the excess elec-
tron density at vector position r normalized as

fp(r) dr=1 (B2)

We consider two types of the electron distribution. One
is an assembly of N identical subbodies of volume v, in
which the electrons distribute uniformly, and the other
is a uniform distribution within a flexible cylinder of con-
tour length L having a uniform normal cross section of
area a, whose center of mass is on the contour.

For the former, p may be expressed as

N
or) = (No)'Y_ f sc-R,-r)dr, (B
p=1 7

where R, is the vector position of the center of mass of
the pth subbody, r,, is the vector distance from R, to an
arbitrary point witﬁin the pth subbody, 6(r) is the three-
dimensional Dirac é function, and fvpdr indicates the

integration within the pth subbody. For tﬁe latter, p may
be expressed as

p(r) = (Lay™ f "t | Sr-R()-r]dr, (BY

where R(¢) is the vector position of the contour point ¢,
r, is the vector distance from R(t) to an arbitrary point
in the normal cross section at the contour point ¢, and
Jcdr, indicates the integration over the cross section.

Substituting eq B3 into eq B1, expanding eq B1 in pow-
ers of k, and taking the average over the entire orienta-
tion, we obtain eq 11 with eq 13 for the former case. In
eq 13, (S?) is the mean-square radius of gyration for the
centers of masses of the /N subbodies (on the chain con-
tour) and is given by

N
(S) = @NH1Y (R, (B5)

pg=1
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where R, is the distance between the centers of masses
of the pti and gth subbodies, and S, in eq 13 is the radius
of gyration of the subbody. For example, if it is the spher-
ical bead of diameter d,, S, is given by

S, = (15)"%d, /10 (B6)

For the latter case, we obtain the same expression as
eq 11 with eq 13 by the use of eq B4 in place of eq B3.
In this case, (S?) in eq 13 is the mean-square radius of
gyration for the contour and is given by

(st =@y fF (HRMHdsdt (B

where R, is the distance between the contour points s
and ¢, and §, in eq 13 is the radius of gyration of the
normal cross section and is given by

S, =(2)"%d/4 (B8)
with d the cylinder diameter.

Appendix C. (S?) of the RIS Model Chain

We consider the mean-square radius of gyration (S2)
for a subset consisting of properly chosen main-chain car-
bon atoms (with equal mass) on the basis of the RIS model.
Let ¢; (i = 0-n) be the parameter such that ¢; = 1 if the
ith carbon atom belongs to the subset and ¢, = 0 other-
wise. (S?) for the subset may then be written in the form

n n-1 n
(8%) = (Zfi)_z Z Zfifj(Rij2) (Cy
i=0 i=0 j=i*l
with R,; the distance between the ith and jth carbon atoms.
The mean-square radius of gyration (S2) thus defined
may easily be calculated following the matrix algebra devel-
oped by Flory'®'7? for the RIS moments only by replac-
ing the generator matrix 8; (i = 1-n) defined by eq 27 of
ref 17 by

1 5,’1(60_1) +€,‘ 2Ci1,~T'Ti Ciliz Ciéiliz

0 1 21"T'T" ZiZ éiliZ
si = 0 0 Ti li fili (CZ)
0 0 0 1 €
0 0 0 0 1
Here, §;; is the Kronecker §, c; is given by
Ci = 1 - ﬁil + 5“60 (C3)

T, is the transformation matrix from the (i + 1)th local-
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ized coordinate system affixed to the (i + 1)th skeletal
bond to the ith one, 1, is the ith bond vector expressed
in the ith coordinate system, /; = |1}/, and the superscript
T indicates the transpose. Note that S; given by eq C2
becomes identical with that defined in ref 17 if all ¢; are
set equal to unity.

For the calculation of (S?) for the set of a-carbon atoms,
in which we are interested, we may choose ¢; = 1 if the
ith skeletal carbon is the a-carbon and ¢; = 0 otherwise.
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